A self-duality group G in quantum field theory can have anomalies. In that case, the space of ordinary coupling constants M can be extended to include the space F of coefficients of counterterms in background fields. The extended space N forms a bundle over M with fiber F , and the topology of the bundle is determined by the anomaly. For example, the G = SL(2, Z) duality of the 4d Maxwell theory has an anomaly, and the space F = S 1 for the gravitational theta-angle is nontrivially fibered over M = H/SL(2, Z). We will explain a simple method to determine the anomaly when the 4d theory is obtained by compactifying a 6d theory on a Riemann surface in terms of the anomaly polynomial of the parent 6d theory. Our observations resolve an apparent contradiction associated with the global structure of the Kähler potential on the space of exactly marginal couplings of supersymmetric theories.
1. Introduction and summary
Background couplings, dynamical couplings and the duality group
The observables of a quantum field theory depend on dimensionless parameters τ . A typical example, which we will discuss in detail below, is 4d Maxwell theory, where the complex parameter τ = θ 2π + 4πi g 2 includes the gauge coupling constant g and the theta-angle θ. When we limit ourselves to the theory in flat R d and to separated-points correlation functions the parameters τ uniquely specify the theory.
However, the theory also depends on additional choices like the values of contact terms when two operators touch each other. Similarly, placing the theory in a nontrivial spacetime other than flat R d can lead to additional parameters. One way to think about this is to couple the system to background classical fields and then these additional choices and parameters are coefficients of local counterterms in the background fields.
One such coupling of background fields in four-dimensional field theory is the gravitational theta-parameter iθ grav σ 16 = iθ grav 1 384π 2 tr (R ∧ R) , (1.1) where σ is the signature of the manifold. On spin four-manifolds θ grav is 2π-periodic and on non-spin manifold it is 32π-periodic. (In the rest of this paper we will limit ourselves to spin manifolds.) Note that this term is an imaginary contribution to the Euclidean space action. Another such coupling of background fields is the Euler characteristic t e χ = t e 1 32π 2 ǫ ( 1.2) Unlike (1.1), the coefficient t e is not periodic.
Adding terms like (1.1) and (1.2) as well as other non-topological terms to the action does not affect the separated-points correlation functions in flat spacetime, and therefore such terms are often ignored in studies on purely quantum field theoretical phenomena.
Of course there are studies on quantum field theoretical phenomena where such terms are carefully treated, e.g. [1, 2] . Also, such terms naturally arise when quantum field theories are constructed within string theory and/or M-theory, where a function of supergravity fields plays the role of θ grav , and the action of the duality group of string theory and/or M-theory on them was already studied, see e.g. [3, 4, 5] . It would be interesting to work out the relations of these works and the analysis presented in this paper.
However, such terms affect contact terms and the value of the partition function in curved spacetime. Therefore, they can lead to important consequences.
We will denote the space of ordinary coupling constants by M and the larger space, which includes also the coupling constants of background fields by N . In the case of a family of conformal field theories M is known as the conformal manifold and we refer to N as the extended conformal manifold. One of the main points of this note is that N is typically a nontrivial bundle over M, and the topology of the bundle is determined by the anomalies of the duality group of the theory.
The partition function of the theory Z depends on the ordinary coupling constants and on the coefficients of counterterms of background fields; i.e. it is a function on N .
What is more interesting, though, is that it is not a function on M; it is a section of a line bundle on M. In other words, if we ignore the coupling of background fields, Z is not a single valued function of τ and we need transition functions as we move from patch to patch on M. There are two ways to have a standard partition function. First, we do not ignore the coupling of background fields and then Z is a single valued function on N .
Second, we keep the coupling constants of background fields fixed, but we extend the range of τ to a multiple cover M of M, so that the fibration becomes trivial.
The case of 4d Maxwell theory
Since the discussion above has been very general and abstract, we should consider a concrete example. 4d Maxwell theory has a single complex coupling constant τ taking values in the upper half plane H, and is invariant under the duality group G = SL(2, Z) acting on τ , 2 so that it is parameterized by M = H/SL(2, Z). More precisely, only P SL(2, Z) acts on H, but we will continue to denote M = H/SL(2, Z).
Next, we consider also the coupling (1.1). In this note we are mostly concerned with nontrivial topological properties of partition functions and anomalies. For that purpose, the phase factor (1.1) plays the crucial role. Other terms, such as (1.2), only affect the 2 When we consider Maxwell theory on non-spin manifolds or spin manifolds without a specified spin structure, only a subgroup of SL(2, Z) is a true duality group, and the difference manifests itself in the spin of the line operators [6, 7, 8] . To avoid this subtlety, we limit ourselves to spin manifolds with a choice of spin structure. In this case the partition function has full SL(2, Z)
invariance and each line operator appears with both integer and half-integer spins.
absolute values of partition functions and have trivial topologies in the parameter space (e.g. t e takes values in R rather than S 1 ), 3 so we will ignore the coupling (1.2).
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Before taking into account the duality group, Maxwell theory is parameterized by (τ, θ grav ) ∈ H × S 1 .
(1.3)
In particular, the coupling τ takes values in the covering space M = H.
The duality of the Maxwell theory on closed 4-manifolds was studied in [1] . As we will see in more detail in the coming sections, we can rephrase the result of [1] as follows.
There exists an anomaly of the duality group SL(2, Z). This anomaly can be compensated by shifting the gravitational theta angle. In other words, SL(2, Z) acts on both τ ∈ H and θ grav ∈ S 1 . Correspondingly, the space N of the pair (τ, θ) forms a nontrivial fiber bundle of the parameter spaces Only P SL(2, Z) acts in the second quotient. However, the center C ∈ SL(2, Z) can act nontrivially on S 1 if SL(2, Z) has an anomaly. 3 In general, the topology of the bundle N → M is restricted by the following constraint.
Suppose that we have a term in the action of the form sB, where B is constructed purely from background fields, e.g. tr (R ∧ R) or ǫ , and s is its coefficient, e.g. θ grav or t e . Trivially, B is the (functional) derivative of the logarithm of the partition function with respect to s. This should not change under duality and hence the duality transformation can change s only by a shift, s → s + F (τ ), where F (τ ) is a function of the coupling constants of the theory. In particular, a transformation like s → −s is forbidden. If the fiber of the bundle is R, as with t e , the topology of the bundle is trivial. On the other hand, if the fiber of the bundle is S 1 , as with θ grav , the topology can be nontrivial if F (τ ) is nontrivial. 4 In particular, almost all the examples in this paper are realized by the compactification of some 6d theories on Riemann surfaces, and the anomaly comes from the gravitational anomaly of the 6d theory, which affect the phase factors of partition functions. The 6d theory also suffers from a conformal anomaly. It should affect the χ dependence of the effective 4d theory. For simplicity, we will not discuss it here and will focus only on the phase of the partition function. In supersymmetric theories, as in Sec. 5 below, the terms (1.1) and (1.2) are related by supersymmetry and then the effect of (1.2) is easily determined.
As we will review below, the partition function of the theory is not a single-valued
, but it is a single-valued function on N . In other words, we will make a finer distinction among QFTs by declaring that two theories differing by the gravitational theta-angle (which affects only the partition function on curved backgrounds) are actually different. Then, the space S 1 of the gravitational theta-angle is fibered nontrivially over the space H/SL(2, Z) of τ and the partition function is a well defined function on N .
In this paper, we will see that this phenomenon is ubiquitous: the parameter space of background couplings often forms a non-trivial fiber bundle N over the space M of dynamical couplings by the effect of anomalies.
Other examples
It is often the case that the partition function is a function on some space M, but it is a section of a line bundle on M = M/G, where G is an anomalous group. This fact is not restricted to duality groups and applies to other groups such as the group of gauge transformations.
To illustrate the point, consider the well known situation of a 2d chiral fermion coupled to a background U (1) gauge field. This theory has the standard perturbative U (1) anomaly.
(It also has a gravitational anomaly, that we are going to ignore.) The anomaly is the statement that the partition function Z(A) is not gauge invariant
with φ A (e iα ) depending on A and e iα . This means that Z(A) is a function of A in the space M of U (1) gauge fields before gauge identifications , but it is a section on M = M/G, where G is the space of gauge transformations. The line bundle on which the partition function takes values is given as L = (C × M)/G where the group G acts on (ℓ,
Instead of having this section we can add to the system a 3d bulk, whose boundary is our 2d spacetime and replace Z(A) by Z(A) = Z(A)e iCS(A) with CS(A) the Chern-Simons term in the bulk. Now the partition function Z(A) is gauge invariant, but it depends on additional data -the value of A (modulo gauge transformations) in the bulk. Using the notation above, we can also say that Z(A) is a single valued function on the space of 3d gauge fields modulo gauge transformations, N .
The description in terms of the line bundle is general. However, in many (although not all) cases, the anomalies are realized as the shifts of counterterms of background fields under the group G. We denote the space of counterterms by F . The extended space is given as N = (F × M)/G. Let us see examples.
For example, in 2d, a compactified free boson ϕ ∼ ϕ + 2π has the action
specified by the radius of the circle L ∈ R := M and the "dilaton" t e ∈ R := F . (R is the 2d curvature and the coupling t e is the 2d version of (1.2).) Then T-duality relates
i.e. it shifts the dilaton. 5 However, this does not lead to an anomaly in the duality group, because the effect can be removed by adding a local
. A particularly simple example, which was analyzed in detail in [9] , involves a charged particle on a ring. Here θ ∈ R := M represents magnetic flux through the ring. A background U (1) gauge field A couples to its global U (1) symmetry that shifts the coordinate on the ring and its counterterm is ik A with integer k ∈ Z := F . In this example, we have the identification (θ, k) ∼ (θ + 2π, k + 1) which is realized by a group G = Z whose generator acts as (θ, k) → (θ + 2π, k + 1). The extended parameter space N = (F × M)/G = (Z × R)/Z can be parameterized either by θ ∈ R, or by a Z bundle (parameterized by k) over the base M parameterized by θ ∈ S 1 .
In Appendix B we will discuss the example of 4d SU (N ) gauge theories with a θ parameter. Here M is S 1 with θ ∼ θ + 2π. The system can be coupled to a background 2-form Z N gauge field B with a counterterm proportional to BB [10, 11] with an integer coefficient p, such that p ∈ Z and p ∼ p + N (on a spin manifold). Thus the space of counterterms in a spin manifold is F = Z N . The proper periodicity is (θ, p) ∼ (θ+2π, p+1) and therefore, the extended parameter space N is labeled by (θ, p) with this identification, or by θ with an extended range 2πN . An interesting question that this leads to is what happens when θ is a dynamical field. Does it take values in M or in N ? We will answer this question in Appendix B.
Another notable example of our discussion is the theory of a free 2d Majorana fermion with mass m ∈ R := M (not summed over its spin structures). For zero mass the theory 5 In general, if we consider (n − 1)-form gauge field a in 2n dimensions with the action (K/2 · 2π) da ∧ * da, the argument of [1] says that the partition function transforms as
gives the T-duality and in 4d, K = Im(τ ) gives the case of the Maxwell theory when θ = 0.
has a Z 2 := G global symmetry, which flips the sign of the left-moving fermion. The mass term is odd under this symmetry. In the Ising model description of the system this Z 2 global symmetry is related to Kramers-Wannier duality. In the language of this paper the parameter space M is parameterized by m ≥ 0; i.e. it is obtained by modding out M = R by the G = Z 2 symmetry. As emphasized in [10] , the system also has a discrete gravitational theta-parameter iζArf(Σ), where ζ ∈ {0, π} and Arf(Σ) is the Arf invariant of the spin structure of the underlying spacetime Σ. The space of counterterms is F = {0, π}.
The theory is left invariant only if we combine the change of sign of m with a shift of ζ by π.
As in all our examples, this can be viewed as a mixed anomaly between Kramers-Wannier duality and gravity. Clearly, the extended parameter space N can be parameterized either by m ≥ 0 and ζ ∈ {0, π}, or by an arbitrary real m.
Outline of the paper
The rest of the paper is organized as follows:
In section 2, we will discuss in detail the anomaly of the duality group of 4d U (1)
Maxwell theory, expanding the brief summary we gave in section 1.2 above. We first remind ourselves how SL(2, Z) acts on the operators of the theory, and then recall the anomalous transformation of the partition function first pointed out in [1] . We will see that no counterterms can remove this anomalous transformation. This means that the partition function is a section of a nontrivial line bundle on M = H/SL(2, Z). We then explain that we can regard the partition function as a genuine function, by incorporating the gravitational theta angle θ grav .
In section 3, to prepare for the generalization in the latter part of the paper, we
systematically study how we can analyze the anomaly of the duality group, in terms of the line bundles over the configuration space of background fields. We will find it particularly useful to compare the anomaly of the duality group with the anomaly of a 2d conformal field theory due to the chiral central charge, which we will explain at length.
In section 4, we extend our discussion of a 4d U (1) Maxwell theory to 4d U (1) g theory.
This will be done by considering this 4d theory as arising from the compactification of the 6d self-dual tensor field on a Riemann surface Σ g of genus g. We then further generalize our consideration to the compactification of arbitrary 6d theory on Σ g . We will see that the anomaly of the duality group in 4d can be obtained from the anomaly polynomial of the 6d theory.
In section 5, we consider generic 4d N =2 superconformal theories, that do not necessarily arise from a 6d theory. Exactly marginal couplings of such a theory parameterize a
Kähler manifold M known as the conformal manifold of the theory. Adding the space of background couplings we have a fiber bundle N over M. We will use the results of [12] to relate the Kähler class of M to the bundle structure of N , and show that the Kähler potential is globally well defined on N . This resolves an apparent conflict between the claims in [12] and the discussion in [13] .
We have two appendices: In Appendix A, we give a brief discussion of 5d symmetry protected topological phases that capture the anomaly of the 4d duality group we discuss in the main text. In Appendix B, we explain that many of the phenomena discussed in this paper also arise in the context of 4d SU (N ) gauge theory, where the θ angle of the SU (N ) theory parameterizes M, the shift of θ by 2π plays the role of the duality group, and a certain coupling of the background field for the Z N one-form symmetry extends M.
Anomaly of duality group: Demonstration in free Maxwell theory
In this section, we demonstrate the existence of anomalies of duality groups. We will consider the free Maxwell theory on spin manifolds,
as an example. On spin manifolds, this theory has the SL(2, Z) duality group. The transformation of partition functions under the SL(2, Z) was discussed in [1] . We use the result there to see that there is a mixed 't Hooft anomaly between background gravity and SL(2, Z), which cannot be canceled by local counterterms.
Generalities
The duality group SL(2, Z) is quite analogous to the diffeomorphism group and the gauge transformation group. Let us consider the diffeomorphism group as an example.
The diffeomorphism group acts on the background metric g µν (as well as other fields). In the same way, SL(2, Z) acts on the exactly marginal coupling τ = 4πi/g 2 + θ/2π regarded as a background field. For special configurations of g µν , such as the flat metric g µν = η µν , AdS metric, etc., there is a subgroup of the diffeomorphism group that fixes that particular metric, e.g. the Poincaré group for the flat metric and SO(2, d − 1) for the AdS metric.
They are the symmetry group for that particular metric. In the same way, for special values of τ , such as τ = i and τ = e πi/3 , there is a subgroup of SL(2, Z) that fixes that particular value of τ , and that subgroup can be regarded as a symmetry group of the theory for that value of τ . 6 The analogy between the diffeomorphism group and the SL(2, Z) duality group becomes even more transparent when SL(2, Z) originates from a compactification of a higher dimensional theory on a torus, as we will discuss in a later section.
By gluing local patches of spacetime using local diffeomorphism groups, we get manifolds with nontrivial topology. In the same way, by gluing local patches using SL(2, Z), we can get a nontrivial bundle of SL(2, Z) in spacetime. However, we restrict our attention to the case that the SL(2, Z) bundle is trivial for simplicity.
In general, let Φ be a set of background fields, such as Φ = {g µν , τ, · · ·}. Also let G be a group that acts on the background fields as well as the dynamical fields (or operators)
of the theory. Examples of the group G include the diffeomorphism group, SL(2, Z), and many others.
In our discussions in this paper, we take the duality group to be the one that acts properly on the operators of the theory in the following sense. For example, the background field τ itself is acted by P SL(2, Z), but P SL(2, Z) does not act properly on the operators, because the center C = S 2 ∈ SL(2, Z) acts nontrivially on the fields as ( E, B) → (− E, − B).
Indeed, the pair ( E, B) in an appropriate normalization transforms in the two dimen-
, which is the Witten effect [14] , while the transformation under
So we must use SL(2, Z) instead of P SL(2, Z) for the Maxwell theory. Depending on the theory, we may have to consider a further covering group. For example, in the case of a 4d free fermion that arises from the compactification of a 6d Weyl fermion on a torus, we may consider a version of the spin cover of SL(2, Z). Another example is the T-duality of a 2d compact scalar theory. It acts as Z 2 on the exactly marginal operators, but at the self-dual radius it acts as a Z 4 symmetry; its generator squares to minus one on the operators with half-integer SU (2) quantum numbers (see e.g. [15, 16] for recent discussions).
We denote the configuration space of background fields Φ before dividing by G as M. For example, in the case of τ which depends on spacetime, it is M = Map(X, H),
where H = {z ∈ C; Im(z) > 0} is the upper half plane, X is the spacetime manifold, and Map(X, H) means the space of smooth maps from X to H. If we restrict attention to constant τ , M is reduced to H. Thus, in the following, we often write M = H for constant τ .
Now, if the group G is anomaly free, it makes perfect sense to say that we consider the configuration space as 2) and say that the partition function is really a function on this quotient space. For example, partition functions on nontrivial manifolds are usually considered as a function of the metric g µν up to diffeomorphism transformations. However, when there is an anomaly of the diffeomorphism group, the partition functions are no longer invariant under diffeomorphisms. If the non-invariance of the partition functions cannot be cancelled by local counterterms, that represents a true anomaly. Below we will see that SL(2, Z) also has such an anomaly in the free Maxwell theory.
Anomaly of SL(2, Z)
The SL(2, Z) duality group of the free Maxwell theory has the following anomaly.
We take τ to be constant in spacetime. The generators S and T of SL(2, Z) act on τ as T : τ → τ + 1 and S : τ → −1/τ . The partition function on closed, oriented, spin four-manifolds transforms as [1]
where χ and σ are the Euler number and the signature of the manifold, respectively.
in the Lagrangian. Since the above transformation depends on the Euler number and the signature, we can restrict our attention to counterterms of the form
where f (τ,τ) and g(τ,τ) are arbitrary, not necessarily holomorphic functions of τ satisfying certain reality conditions consistent with unitarity. Notice that they are local in spacetime when we extend τ to a spacetime-dependent field τ (x).
A simple argument shows that no choice of counterterms (2.4) can cancel the anomaly in (2.3). Consider the partition function at τ = e πi/3 , which is fixed by ST −1 . Using (2. 3) we see that ST −1 leads to a nontrivial phase factor e πiσ/3 . (It is nontrivial even on a spin manifold where σ ∈ 16Z.) Since τ = e πi/3 is fixed by this transformation, counterterms like (2.4) do not transform and cannot cancel this phase.
The theory at τ = e πi/3 has a global Z 3 symmetry generated by ST −1 , or an extension of it. Writing τ = e πi/3 + δτ with infinitesimal δτ the action
≈ e πi/3 + e 2πi/3 δτ shows that δτ transforms under this Z 3 . Equation (2.3) means that whenever e πiσ/3 = 1 there is a mixed anomaly between this global Z 3 symmetry and gravity. δτ couples to an exactly marginal operator O and the anomaly means that Z(τ = e πi/3 ) = 1 τ =e πi/3 is nonzero only when e πiσ/3 = 1, O τ =e πi/3 is nonzero only when e πiσ/3 = e 2πi/3 , and Ō τ =e πi/3 is nonzero only when e πiσ/3 = e −2πi/3 .
8
We can do the same analysis for the generator S ∈ SL(2, Z) by taking τ = i, which is fixed by S. Then we get a trivial phase factor there. Thus, the transformation S is anomaly free on spin manifolds, at least at the point τ = i.
The structure of the anomaly on the entire H plane can be simplified by choosing an appropriate counterterm. For this purpose, we use the Dedekind eta function η(τ ), which is nonzero on the entire upper half-plane H. For Maxwell theory, we choose the local counterterm (2.4) as f (τ,τ) = Re log η(τ ) and g(τ,τ) = iIm log η(τ ). Notice that the logarithm of η makes sense because η is everywhere nonzero. This counterterm modifies the partition function Z(τ,τ) of the original Maxwell theory to
By using η(τ + 1) = e πi/12 η(τ ) and η(−1/τ ) = √ −iτ η(τ ), we see that the new partition function after adding the counterterm transforms as
Here we used e −πiσ/12 = e −πiσ/3 , which is valid for σ a multiple of 16. The counterterm completely cancels the anomaly of the S transformation, while the T transformation now has an anomaly e −πiσ/3 , which is a τ -independent phase factor. As a check, above we found an anomaly e πiσ/3 in ST −1 at the point τ = e πi/3 . This can be derived more easily using (2.6) and now this anomaly is true for all τ and not only at τ = e πi/3 .
In particular, we can see that three copies of Maxwell theory coupled to the same τ is anomaly free, meaning that (
The anomaly found above is interpreted as a mixed anomaly between SL(2, Z) and gravity, because it depends on the signature σ. It would be interesting to study whether there is any pure SL(2, Z) anomaly, which is independent of the signature σ, analogous to the anomaly U (1) 3 in the Weyl fermion theory. To detect such an anomaly requires us to consider nontrivial SL(2, Z) bundles. We will not attempt to do that in this paper, but our computation in Appendix A implies that three copies of Maxwell theory has a pure SL(2, Z) anomaly.
Extension of the space of couplings by the gravitational theta angle
Because of the anomaly found above, the partition function is not a function on M = H/SL(2, Z). However, we can still regard it as a function on an S 1 bundle over M as we now explain.
For this purpose, we introduce the gravitational theta angle θ grav defined in (1.1)
as part of the background fields Φ = {g µν , τ, θ grav }. We regard it as taking values in
We also need the following one-dimensional representation of SL(2, Z) which plays an important role also in the next section. First, recall that SL(2, Z) can be represented as
Then, a one-dimensional (and hence abelian) representation ϕ of SL(2, Z) must satisfy ϕ(S) = ϕ(T ) 3 and ϕ(T ) 12 = 1. Therefore, a general one-dimensional representation is given as
where n ∈ Z 12 is an integer modulo 12. Here we will be particularly interested in the special representation with n = 8
We define the action of g ∈ SL(2, Z) on the pair (τ,
where g · τ means the action of g on τ , e.g., S · τ = −1/τ and T · τ = τ + 1.
Now the partition function including θ grav is given by
By using (2.6) we can see that
where g · (τ,τ, θ grav ) means the action of g ∈ SL(2, Z) on (τ,τ, θ grav ) defined above. Therefore, the partition function is invariant under SL(2, Z) by including the transformation of θ grav . Then the partition function can be regarded as a function on
This is an S 1 bundle over M = H/SL(2, Z). This is the extended conformal manifold discussed in the introduction.
A systematic treatment of anomalies by line bundles
As discussed in the previous section, let M be the configuration space of background fields such as Φ = {g µν , τ, · · ·}. Let G be the group that acts on those background fields as well as dynamical fields, such as the diffeomorphism group and SL(2, Z). We assume that the partition function is a function on M. However, if the group G has an anomaly, then the partition function is not a function on M = M/G. Instead, it is a section of a line bundle on M. We use the line bundles to discuss a more systematic approach to the anomalies of duality groups.
Generalities
More precisely, the relevant line bundles are equivariant line bundles defined as follows.
For simplicity, we assume that M is topologically trivial, although this assumption can be relaxed. Then any line bundle on M is topologically trivial and hence of the form C × M,
where C is the fiber of the line bundle.
Let (ℓ, m) ∈ C × M be a coordinate system. Suppose that there is an action of g ∈ G on this total space as
where g · m is the action of g ∈ G on m ∈ M and φ m (g) takes values in C \ {0}. This φ m (g) must satisfy the relation φ m (f g) = φ g·m (f )φ m (g) so that the group action of G is well defined. An equivariant line bundle L is the bundle C × M with such a specified action of G.
If G acts freely on M and hence has no fixed points, then we can consider the space 
for some nontrivial factor φ m (g), which is a local functional of background fields. 9 We call a function Z(m) on M a section of the equivariant line bundle determined by φ m (g) if it transforms as in (3.2). Therefore, we say that the partition function with an anomaly φ m (g) takes values in a line bundle on M.
In summary, a partition function Z(m) is a function on M, while it is a section of a line bundle on M.
9 Actually, there exist more subtle anomalies such that we always have φ m (g) = 1, but still the partition function suffers from a phase ambiguity. See [17] for discussions and examples. Here we neglect those subtle anomalies. They are believed to be treated in the framework of symmetry protected topological (SPT) phases, or equivalently invertible field theories [18] . We give a brief discussion of SPT phases of duality groups in Appendix A.
Anomalies often mean that the definition of the partition function needs more data.
In the case of anomalies in the diffeomorphism group or local gauge transformation group we extend the gauge fields to higher dimension and the additional data is in this extension.
In the case of anomalies of duality groups, it depends on whether we consider nontrivial SL(2, Z) bundles on spacetime or not.
If we consider a nontrivial bundle of the duality group on spacetime, we extend the bundle and the configuration of the couplings to higher dimension as in the case of the diffeomorphism group or local gauge transformation group. Such a case becomes important in some applications to the duality group SL(2, Z) of string theory, such as the orientifold background in type IIB string theory and F-theory.
On the other hand, if we only consider trivial SL(2, Z) bundles and constant couplings, there is an alternative way to treat the anomaly. We may extend the space of couplings by including counterterms of the background fields. Let F be the parameter space of those counterterms. Then, a partition function is a function on the extended space N = ( M × F )/G, where the action of G on F is determined by the anomaly. Below we will consider a 4d theory that arises from the compactification of a 6d theory. Then the diffeomorphism anomaly of the 6d theory becomes the modular anomaly of the 4d theory.
Line bundles on H
Now we specialize our attention to the case G = SL(2, Z) and M = H. We fix a spacetime manifold with signature σ.
We consider a line bundle L over H/SL(2, Z). More precisely, it is an equivariant line bundle over H with an SL(2, Z) action. Namely, we consider a line bundle C × H and specify an action of SL(2, Z) on this total space. Let (ℓ, τ ) be the coordinate system
determines the properties of the equivariant line bundle L. In the following, we loosely say that L is a line bundle on H/SL(2, Z).
We can construct a class of line bundles by using the one-dimensional representations ϕ n of SL(2, Z) defined in (2.8). We take φ τ (g) to be ϕ n (g), which is independent of τ .
The line bundle corresponding to ϕ n=1 is denoted as L. This is called the Hodge line bundle. For general values of n, the line bundle corresponding to ϕ n is given by L ⊗n . The representation ϕ n is trivial for n = 12, so L ⊗12 is a trivial bundle. It turns out that this class of line bundles are enough for SL(2, Z). The reason behind it will be explained by using group cohomology of SL(2, Z) in section 4.2.
2d central charge and line bundles
In section 4, we discuss 4d theories that are obtained by compactification of 6d theories on Riemann surfaces. The free Maxwell theory discussed in the previous section is one such example. Then, we will show that the anomaly of the duality groups of the 4d theory is actually related to the gravitational anomaly of the 2d theory, which is obtained by the compactification of the 6d theory on 4d manifolds with signature σ. Therefore, here we discuss the anomalies of 2d theories.
In the following discussion we will use the language of 2d CFTs, although we do not use conformal invariance. The gravitational anomaly of a 2d CFT is characterized by its chiral central charge c L − c R , which we will denote by c. In general, the partition function of such a theory on a torus is a section of a vector bundle on H/SL(2, Z), whose rank is the number of conformal blocks. Here we work under a simplifying assumption that the partition function is a section of a line bundle. Equivalently, we assume that there is a unique torus character. Examples include b, c ghost systems with integer spins and the level-1 chiral E 8 theory.
It is known that this line bundle is given by L ⊗(c/2) where L is the line bundle corresponding to ϕ n=1 defined in the previous subsection. . By comparing them, we get c = 2n. We conclude that
We note here that if we further require that the theory is unitary as a 2d theory, n is required to be a multiple of four, and c is required to be a multiple of eight. This is because reflection positivity implies that the partition function on a square torus is positive and real, and therefore ϕ n (S) needs to be 1 there. 10 The detailed explanation on this and other points on the geometry of the moduli space of Riemann surfaces and 2d CFT can be found in the classic paper by Friedan and Shenker in [19] .
Let us put Maxwell theory in this general framework. The transformation (2.6) implies that the relevant transformation function is ϕ n=σ/2 and hence the line bundle is L ⊗(σ/2) .
Therefore, it corresponds to the case that the chiral central charge is
We will reproduce this result by another method in section 4.4.
The central charges obtained for SL(2, Z) is meaningful only modulo 24, since n = c/2
is meaningful only modulo 12. When we consider a compactification of 6d theories on higher genus Riemann surfaces in a later section, the value of c will be meaningful as an integer.
Extension of the space of couplings by the gravitational theta angle
By extending the space of the couplings τ ∈ H by adding the gravitational theta angle θ grav ∈ S 1 = R/2πZ, we can make the partition function a well defined function on
, as in the case of Maxwell theory. This is possible if the central charge c is given by the signature σ as
where κ is an integer, which is independent of the spacetime manifolds. We will explain the reason behind the proportionality between c and σ in a later section. Maxwell theory has κ = 8.
Then, we impose the transformation law of θ grav under g ∈ SL(2, Z) as
θ grav appears in the partition function as e iθ grav σ/16 , and it transforms as
where n and κ are related as above. From this, it is easy to see that the total partition function Z(τ,τ, θ grav ) = Z(τ,τ)e iθ grav σ/16 is invariant under SL(2, Z) and hence it can be regarded as a function on the extended space N = (H ×S 1 )/SL(2, Z). This is an S 1 bundle over M = H/SL(2, Z): S 1 → N → M. The map N → M is given by forgetting the θ grav .
Remark on the spin structure dependence of the anomaly
In many situations the duality group arises from compactification of a higher dimensional theory on a torus. The above result for the anomaly, n = c/2, was derived under the assumption that there is no spin structure dependence on the torus. However, often such a compactification does depend on the choice of spin structure. A simple example is the free 6d Weyl fermion compactified on a torus.
The spin structures on the torus fall into two classes, three even spin structures and a single odd spin structure. In the even spin structures the spinors have anti-periodic boundary condition around some of the directions; the direction does not matter because they can be exchanged by SL(2, Z). In the odd spin structure the spinors have periodic boundary conditions in all directions.
The odd spin structure is more interesting, because after the compactification on the torus it leads to massless fermions. Also, it is unique and therefore we expect SL(2, Z) to act simply. However, there are some changes from the above discussions.
First, SL(2, Z) should be replaced by its spin double cover, defined as
The one dimensional representations of this group are as in (2.8), except that now n can also be half-integer. The basic representation is ϕ 1/2 (T ) = e −2πi/24 and ϕ 1/2 (S) = e −2πi/8 .
It corresponds to the line bundle L 1/2 .
Second, unlike the previous discussion about the comparison with two-dimensional conformal field theories, here the action of T is e 4. 6d perspective and higher-genus extension 4.1. 4d Maxwell, 6d self-dual tensor and 2d chiral bosons
The anomaly in SL(2, Z) of 4d Maxwell theory can also be understood from a 6d perspective. A 4d U (1) gauge theory results from putting a 6d self-dual tensor field on a torus. 11 We considered this 4d theory on a closed 4-manifold M (4) . 12 So we are considering the partition function of the 6d theory on a manifold, which is a product of the torus and the 4-manifold. We can re-order the compactification and first compactify on the 4-manifold to obtain chiral bosons on the torus. The difference of the number of the left-moving ones and the right-moving ones is given by the signature σ(M (4) ) of the 4d manifold, thus reproducing the chiral central charge c in (3.4). Here we see that the analogy in section 3 between the one-dimensional representations of the modular group or its extension is associated with the physical torus. 
Generalization to U (1)
g and the mapping class group Γ g
Here we generalize the previous discussion from a compactification on a torus to a more general Riemann surface Σ
g with genus g. This allows us to extend the analysis to U (1) g relatively easily. The duality group is Sp(2g, Z). What is the anomaly? To answer this, we realize U (1) g as the compactification of the 6d self-dual tensor field on Σ
g . To proceed further, we need to review a few mathematical facts. The moduli space of genus-g Riemann surface is of the form
where T g is the Teichmüller space and Γ g is the mapping class group. In the notation of the previous sections, we have M = T g , G = Γ g and M = M g . The Teichmüller space is topologically a ball. This implies that the orbifold fundamental group of M g is Γ g itself and that all the higher homotopy groups vanish. This means that M g ∼ BΓ g for our purpose, where BΓ g is the classifying space of the group Γ g .
The line bundles on M g may be classified as follows. In general, line bundles L on a space X are classified by the first Chern class c 1 (L) ∈ H 2 (X, Z). By identifying M g ∼ BΓ g , the line bundles on M g may be classified by H 2 (BΓ g , Z). This is the group cohomology of Γ g .
11 The compactification of a 6d self-dual tensor field also gives a compact scalar in 4d. We will discuss it more at the end of section 4.4.
12 Throughout this section we will remind ourselves the dimension of the manifold by denoting it by a superscript in parentheses. 13 We mention that the content of this subsection was already noted in [20] which was published soon after [1] .
To understand it better, we consider the following long exact sequence
14 The cohomology group H 2 (BΓ g , Z) as a line bundle over M g is generated by the Hodge line bundle L, which is constructed as follows.
The fiber of L over a point p ∈ M g is the determinant of the space of the holomorphic differentials of the Riemann surface specified by p. This definition of L works uniformly for all g. In this case, the elements of H 2 (BΓ g , Z) map into H 2 (BΓ g , R), and this is described by the de Rham cohomology group of the moduli space H 2 (M g , R). This is trivial for g = 1 and 2, but is nontrivial for g ≥ 3.
In summary, the line bundle L over M g corresponding to the generator of
is determined by a one-dimensional representation classified by a torsion Z 12 when g = 1, and a torsion Z 10 when g = 2, but it has a non-zero de Rham cohomology class in
Now, an element of the mapping class group Γ g determines a duality of U (1) g theory, and therefore there is a homomorphism Γ g → Sp(2g, Z). This homomorphism gives a map between the classifying spaces as BΓ g → BSp(2g, Z). Then we can pull back the 14 We note here that H 1 (BΓ 1 , Z) = Z 12 , H 1 (BΓ 2 , Z) = Z 10 , H 1 (BΓ g≥3 , Z) = 0, and that We can apply the same consideration, starting from a 6d chiral fermion. When compactified on a 2d Riemann surface of genus g, it gives rise to a number of 4d fermions. 15 The line of arguments leading to this fact can roughly be given as follows. The theory of simple Lie groups was generalized by Chevalley and Steinberg to a theory of corresponding groups defined over arbitrary rings, and Sp(2g, Z) is one example. As an application of this general theory, the universal cover of Sp(2g, Z) for g ≥ 4 was found to be the restriction of the universal cover of Sp(2g, R) under the natural inclusion [26, 27] . This means that H 2 (BSp(2g, Z), Z) = Z for g ≥ 4. Also, it had been previously shown in [28] that the image of the natural homomor-
contains the element corresponding to the Hodge bundle for g ≥ 3. This element corresponding to the Hodge bundle is known [22] to be the
Before leaving the footnote, we note that
See the Tables at the end of [29] .
They are parameterized by M g , the moduli space of genus-g Riemann surfaces Σ g . 16 The fact that these 4d fermions came from 6d means that they couple to a natural connection on M g . In particular, its partition function on a closed 4-manifold will be a section of a nontrivial line bundle over M g .
As recalled above, this is specified by the 2d central charge c. This can be easily determined; we simply compactify the 6d chiral fermion on a closed 4-manifold M 
This is the defining property of the anomaly polynomial A 2k+2 . Now, our strategy is to consider the 6d theory on a six-manifold N (6) = M (4) × Σ (2) and consider the reduction either on M (4) to 2d, or on Σ (2) to 4d . This way we use the anomaly polynomial A 8 of the parent 6d theory and compute c 1 (L) using two different orders and compare them. Specifically, compactifying first on a four-manifold M (4) and then on a two-manifold Σ (2) we find
Alternatively, compactifying first on a two-manifold Σ (2) and then on a four-manifold M (4) we find
They must give the same answer.
First, we consider the process A 4 → c 1 (L). We start by discussing a slightly more explicit expression for the Chern class of the line bundle L of central charge c over M g . We consider the universal bundle Σ (2) → U → M g , whose fiber is the Riemann surface Σ 
where T Σ (2) is the tangent bundle of the fiber manifold Σ (2) , and
is the Chern class of the Hodge bundle.
Next consider the process A 6 → c 1 (L). Suppose that there is a term in the anomaly polynomial of the 4d theory of the form
where ω is a two-form on M g and M (4) is the spacetime of the 4d theory. Then we have
Comparing the above two results, we get 12) which explains why c is proportional to σ in general.
Now we compute A 8 → A 6 . Recently, the paper [30] discussed the mixed term in the anomaly polynomial (4.10) and showed how to compute it. The point was as follows. We want to compute the lower-dimensional anomaly A 6 by integrating the higher-dimensional anomaly A 8 over the internal Riemann surface as
In this computation, we need to regard Σ (2) as forming the universal bundle U over M g .
This then generates mixed terms of the form (4.10) where ω is proportional to λ.
One finds by a short computation that 14) where N (6) is the spacetime of the 6d theory. Therefore, the 6d anomaly polynomial
leads to the 4d anomaly
Combining the above results, the 4d theory obtained from the 6d theory compactified on Σ (2) has an anomaly of the duality group specified by the central charge
The same computation can be phrased in a slightly different, but essentially the same way by considering the process A 8 → A 4 : We now use (4.9) to convert them to the effective 2d central charge. We obtain the same result (4.17).
We apply the formula (4.17) to the known anomaly polynomial of a self-dual field and that of a chiral fermion. Neglecting the Green-Schwarz contribution to the anomaly polynomial from the self-dual field, 17 we have
from which we easily re-obtain
This is the same result as in (4.3), (4.5).
Before proceeding, we mention that the analysis presented in this section can be readily extended to the study of the anomaly of the duality group of (2n − 2)-dimensional theory obtained by compactifying a 2n-dimensional theory on 2-dimensional surfaces Σ (2) for general n. This would allow us, for example, to reproduce the anomalous phase under SL(2, Z) of the 2d theories obtained by compactifying 4d N =1 theories on T 2 , observed in [31] . It would be interesting to work out the details.
Extension of the space of couplings by the gravitational theta angle
Let us briefly mention how we can make the partition function a function on N g = (S 1 × T g )/Γ g by introducing the gravitational theta angle θ grav .
The line bundle L on M g and hence the anomaly can be described by some φ τ (g) for τ ∈ T g and g ∈ Γ g , as explained in the general discussion in the previous section. Moreover, we saw that the anomaly is proportional to σ, so this φ τ (g) should be represented as
, which is independent of the four-manifold. Then we define the transformation of θ grav as
As in the previous section, one can check that the partition function is invariant under G = Γ g and can be regarded as a function on the extended space
17 Suppose that the 3-form field strength H of the self-dual field (satisfying ⋆H = H) has the equation of motion dH/2π = αp 1 (N (6) ) for some constant α. Then it contributes to the anomaly polynomial A 8 as
This contribution is matched by the Green-Schwarz contribution of the compact scalar in 4d obtained by integrating the two-form field B over the Riemann surface.
A difference from the genus one case is that ψ τ (g) must depend on τ for a large enough genus. The reason is as follows. Suppose otherwise. Then the line bundle L would have a flat connection by taking the covariant derivative on L to be just the ordinary derivative ∂/∂τ . Then the first Chern class c 1 (L) would be a torsion and in particular it would be zero at the level of de Rham cohomology. However, this contradicts the fact that c 1 (L) can be described as the image of the map
there is no such flat connection on L and ψ τ (g) must depend on τ for g ≫ 1.
Superconformal theories
Finally let us make a brief comment on the 4d N =2 superconformal theories. A parallel discussion can be given for 2d N =(2, 2) theories, so we will not repeat it. In this section we follow the notation used in [12] .
As above, M is the space of exactly marginal couplings. The Zamolodchikov metric on M is known to be Kähler. The relevant background fields are the fields of the N =2 supergravity multiplet and their counterterm is
The real part and the imaginary part of t multiply the Euler density and the Pontryagin density, respectively, and hence it contributes to the action as Re(t)χ and Im(t)σ with some numerical coefficients. In particular, Im(t) is proportional to the gravitational theta angle θ grav . The term (5.1) also contains the background theta-angle for SU (2) R . There is another term in supergravity which is proportional to d 4 xd 4 θEW αβ W αβ , but that term does not change the qualitative discussion below.
Due to the existence of t, we have a fibration
where C/Z is the space parameterizing t.
The Kähler transformation of the Kähler potential K M of the conformal manifold M are given by
and it is accompanied by the shift [12] 
This means that the first Chern class of the fibration N → M is given by the Kähler class of M.
For class S theories, obtained by putting a 6d N =(2, 0) theory on a Riemann surface of genus g, the conformal manifold M is the moduli space M g of genus-g Riemann surfaces [32] . We can compute the Chern class of the fibration from the 6d anomaly polynomial as discussed in [30] and also in a previous section in this note. This can then be used to compute the Kähler class.
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In [12] , it was suggested that the Kähler potential should be globally well-defined on the space fully parameterizing a family of superconformal theories. The discussion in this note means that this space, fully parameterizing a family of superconformal theories, should be taken as N including the background coupling t, instead of M, which includes only the dynamical couplings. 19 And indeed, on N , there is a natural globally well-defined "Kähler potential"
We put the quotation marks around the term "Kähler potential", since g tt = ∂ t∂t K N = 0 is degenerate. This is physically expected, since the direction along the background coupling t has zero Zamolodchikov metric, because in (5.1) t is the coefficient of a term constructed purely out of background supergravity fields.
18 Precisely speaking, more information is needed in order to fully specify the theory [33, 34] .
Depending on which N = (2, 0) theory we compactify, one needs to specify a Lagrangian subgroup of the first cohomology group of the Riemann surface on which the 6d theory is compactified. This reduces the duality group from Γ g to a certain subgroup, which preserves this data. We then have to study the line bundle on the moduli space divided by that subgroup. This is still specified by the effective 2d central charge. This point is perfectly analogous to the situation we mentioned in a previous footnote when we discussed chiral fermions. In special cases, like the N = (2, 0) theory of type U (N ) (i.e. a stack of N M5-branes including the center of mass degrees of freedom)
or type E 8 the duality group is not reduced. This is associated with the fact that the lattice of charges in these theories is self-dual. 19 It was shown in [13] that for large enough g the Kähler class of M g is nontrivial, even when restricted to the points where there is no enhancement of symmetry of the curve Σ
g . Therefore, the Kähler potential is not globally well defined on M g . Also, the authors of [35] studied the complex structure moduli spaces of a few compact Calabi-Yau manifolds, which are the B-model conformal manifolds of the corresponding 2d N =(2, 2) supersymmetric sigma models. It was found there that the Kähler classes of these spaces are torsion but can be nontrivial.
Finally, as we said in the introduction, instead of adding t as a coordinate and view the theory as a function on N , we also have the option to keep t fixed and mod out the parameter space only by the subgroup of the duality group that preserves t. Then the theory and the partition function are single-valued on a multiple cover M of M.
The discussion in this section is similar to the analysis of "field-dependent FayetIliopoulos terms" [36] and possible compact cycles in the moduli space of string theory. As discussed in [37, 38, 39] , ordinary FI-terms and non-trivial Kähler class in the moduli space are inconsistent in a theory of gravity (unless they are properly quantized). Apparent FI-terms and apparent non-trivial Kähler classes are accommodated in string theory by including the coupling to additional moduli t (e.g. the dilaton) of the form (5.5). With this additional field there are no non-trivial classes.
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Appendix A. Symmetry protected topological phases of duality groups
It is widely believed that we can describe an anomaly by a symmetry protected topological (SPT) phase in one-higher dimension. We would like to test this idea in the case of the duality groups Γ g .
Let BΓ g be the classifying space of the duality group Γ g . In d-spacetime dimensions, a global anomaly may be classified by the torsion part of the bordism group Ω spin d+1 (BΓ g ) tor , while a perturbative anomaly (in the sense that it is not a torsion) may be classified by the non-torsion part of the bordism group in (d + 2)-dimensions Ω spin d+2 (BΓ g ) ⊗ R [40, 41, 42] . In this paper we only consider spin manifolds and restrict our attention to the spin bordism group.
A.1. Genus one case
The anomaly discussed in the main text is a mixed anomaly between the signature and SL(2, Z), and the signature density has dimension 4. Let a ∈ H 1 (BSL(2, Z), U (1)) = Z 12 be the generator of Z 12 . From the anomaly shown in (2.6), we have seen that T gives the phase factor e −πiσ/12 , while S does not have a phase. Hence, T has an anomaly e −πiσ/12 and a reasonable guess is that the five-dimensional SPT phase characterizing the anomaly is schematically given by −πi (a ∧ p 1 /3)/12 where p 1 /3 is the cohomology element corresponding to the signature σ.
We will show below that
where the Z 6 quotient on the right hand side classifies the mixed anomaly between SL(2, Z) and the signature, and the Z 6 subgroup on the left hand side classifies the pure SL(2, Z)
anomaly.
This means that there is a 5d SPT phase A characterizing the 4d mixed SL(2, Z)-gravity anomaly which satisfies A ⊗6 = 1 modulo pure SL(2, Z) anomaly. Let us explicitly construct a 4d theory having this anomaly. We take a 6d Weyl fermion coupled to a U (1)
background field and we compactify it on a 2d torus with the U (1) bundle identified with the spin bundle on the torus. Then, the total system does not depend on the spin structure of the 2d torus and the group acting on this torus is SL(2, Z) (i.e. not its spin cover).
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We get a 4d fermion system coupled to τ ∈ H. If we first compactify the 6d fermion on 
where L is the generator of the line bundles on H/SL(2, Z),
Before proceeding, let us discuss the Maxwell theory, which had c = σ as we saw.
This means that its SL(2, Z) anomaly corresponds to A ⊗4 . This implies that the Maxwell theory has an anomaly a ∈ Z 36 such that a ≡ 4 mod 6, when we include the pure SL(2, Z)
anomaly. In particular, we see that three copies of the Maxwell theory necessarily has a nontrivial pure SL(2, Z) anomaly corresponding to 12 ∈ Z 36 or 30 ∈ Z 36 . It would be interesting to determine exactly which anomaly the Maxwell theory has.
A.2. Higher genus case
Before proving (A.1), let us discuss the case of higher genus Riemann surfaces. One starts from an element ω in H 2 (BΓ g , Z). This element ω can be regarded as the first Chern class of a line bundle on BΓ g , and let a be a local connection of the line bundle such that ω = da at the level of de Rham cohomology. We consider the five-dimensional theory which is proportional to
This is the five dimensional SPT phase of our interest. It has the anomaly polynomial of degree-6 proportional to
This gives an element of Ω spin 6
(BΓ g ) ⊗ R if ω is not a torsion.
Note that, up to orbifold singularities that only affect torsions, the moduli space of Riemann surfaces M g may be regarded as a model for a classifying space BΓ g . Therefore,
ω may be seen as a 2-form on
. Therefore, two-forms on the moduli space M g are directly related to the mixed anomaly between the duality group Γ g and the gravity.
This is exactly what we found in section 4, and was the new type of anomaly discussed in [30] .
A.3. Computation of Ω 
by identifying the common subgroup Z 2 = C | C 2 = 1 . Correspondingly, the classifying spaces can be chosen so that
Then we have the Mayer-Vietoris long exact sequence
We now use the standard fact that H n (BZ k , Z) for n > 0 is given by Z k for odd n and by 0 for even n to conclude that H n (BSL(2, Z)) for n > 0 is given by Z 12 for odd n and by 0 for even n.
We now move on to the computation of Ω spin 5
(BSL (2, Z) ). Since the spin bordism is a generalized homology theory, we similarly have the long exact sequence
We use the case n = 5. By Smith isomorphism (see e.g. Lemma 6 of [44] or the section 6 of [40] or more explicitly Table 1 of the latter paper), we know Ω (BZ 3 ) was computed to be Z 9
in [46] . From AHSS again, we have Ω spin 5
Since this contains both the pure SL(2, Z) part and the mixed SL(2, Z)-gravity part, we would like to separate them apart. 22 We consider two AHSSs at the same time, one for G = SL(2, Z) and another for G ′ = Z 2 , and use its compatibility with the homomorphism G ′ → G obtained by sending G ′ to the center of G, and also the homomorphism G → G ′ given by the Abelianization SL(2, Z) → Z 12 composed with the standard Z 12 → Z 2 . The
21 For a detailed readable account for physicists on Ω spin 5
(BZ n ) for arbitrary n, see [47] . 22 Recall that the AHSS is a spectral sequence converging to Ω spin p+q (BG) whose E 2 page is
(pt)). Roughly speaking, the mixed G-gravitational part is (p, q) = (1, 4) and the pure G part is (p, q) = (5, 0). But unlike at the level of the anomaly polynomial, the entire Ω 
where the Z 6 subgroup on the left hand side is E ∞ 1,4 = Z 6 for the mixed anomaly, while the Z 6 quotient on the right hand side is E ∞ 5,0 = Z 6 for the pure anomaly. By taking the Pontryagin dual of the entire sequence, we finally obtain the statement (A.1) we used in theory as a P SU (N ) gauge theory, whose bundles P are characterized by the second Stiefel-Whitney class w 2 (P ). Then, the partition function with fixed w 2 (P ) are nontrivial observables of the SU (N ) theory. One way to think about these observables is to note that the SU (N ) gauge theory has a Z N one-form global symmetry, which we can couple to a classical, background, two-form gauge field B discr . This has the effect of setting w 2 (P ) = B discr .
As in [10] , we describe the background gauge field for the Z N one-form global symmetry B discr using a continuum notation. We embed the original SU (N ) theory in a U (N ) gauge theory with field strength f ′ and add a one-form gauge symmetry to eliminate the added U (1) field. Specifically, we express the Lagrangian for the SU (N ) field f in terms of f ′ and add a Lagrange multiplier U (1) two-form gauge field u with the coupling 
can shift those integers by multiples of N . Therefore, the gauge invariant information is those integers mod N , i.e.
N 2π
B ∈ Z N , and effectively, B is a two-form Z N gauge field.
It can be written as a discrete integer-valued field B discr = N 2π B. We can also add to the Lagrangian the counterterm in the background field Here the C dependent term is set such that it removes the contribution of Tr a ′ in the first term. Equivalently, it makes (B.6) gauge invariant under the one-form symmetry (B.4).
However, this term is not 2π-periodic in θ. As a result, a shift of θ by 2π does not leave the action invariant, but shifts it by − 1 4πN
BB. This means that it shifts p → p − 1. (Recall that we limit ourselves to spin manifolds. For the more general case see [10, 11, 9] .) Therefore, we cannot identify the theory with θ with the theory with θ + 2π; they have different counterterms. More explicitly, the identification is (θ, p) ∼ (θ + 2π, p + 1) .
(B.7)
Correspondingly, we identify N as
This shows that although both M and N are circles, N is a larger circle. Namely, it has the structure of a fiber bundle F → N → M, and the fiber F is Z N which is parameterized by the integer p ∈ F = Z N .
In terms of constrained P SU (N ) fields, nontrivial w 2 (P ) makes the instanton number fractional and hence the larger period of θ.
The distinction between M and N leads to a natural question about the system with θ a dynamical field, an axion. We let θ be spacetime dependent, add a kinetic term, e.g. First, let us set the background fields N B = dC to zero. Now we can let the field θ be 2π-periodic. One way to think about it is by starting with a noncompact field θ and noticing that the system has a global symmetry Z, whose generator shifts θ by 2π. In the notation of the main text (see section 2 and 3), this means that we consider the space M = R as a space in which θ takes values, and consider the group G = Z that acts on M.
However, unlike the discussion there, here θ is a dynamical field rather than a background field and therefore G = Z is a global symmetry.
Then, when we restore the background fields we realize that only shifts by multiples of 2πN , as in (B.8), do not affect the background fields. And shifts by other multiples of 2π do affect them. We can interpret this to mean that there is a mixed 't Hooft anomaly between the global symmetry group G = Z shifting θ and the one-form Z N global symmetry. This is an example of the general discussion in section 3.1 when θ is a field.
There is clearly no problem gauging a subgroup of the Z shift symmetry and identify θ ∼ θ + 2πN , as in (B.8). But can we identify it further and make θ ∼ θ + 2π? What is the effect of the 't Hooft anomaly on making such an identification?
The key point in the answer to this question is the fact that the system with a dynamical compact θ has a U (1) two-form global symmetry [11] . Its generator is the line operator U α = e iα dθ and its charged objects are domain walls between two values of θ that differ by a multiple of 2π. We can couple this symmetry to a background three-form gauge field A (3) by adding to the Lagrangian 1 2π θdA (3) . This gauge field has gauge freedom A (3) → A (3) + dλ (2) . (Soon we will modify this gauge transformation and this integer will not be gauge invariant.) Then, we can replace the θ term (B.6) by 1 8π 2 θ Tr(f ′ f ′ ) + 4πdA (3) .
(B.9)
It is invariant under θ → θ + 2π. Because of the presence of A (3) , it is gauge invariant under the λ (1) gauge transformation (B.4) provided A (3) transforms as The mixed transformation law (B.10) are characteristic of a higher group structure and the discussion here fits nicely in the framework of [48] (see also references therein).
Another way to write (B. where the first term is the original gauge invariant term (B.6) and the second term depends on the field strength (B.11). Neither term is 2π-periodic in θ, but their sum is.
It should also be pointed out that we can add to the theory another gauge invariant counterterm in the background fields ρ 2π F (4) (B.13) with constant ρ. The original lack of 2π-periodicity in θ is replaced by lack of 2π periodicity in ρ. Now (ρ, p) ∼ (ρ + 2π, p − 1).
